
Measure Theory with Ergodic Horizons
Lecture 21

Fubini-Towelli theorem
.

Def
.

Let X
,

Y
,
z be sets and XoEX

, yo Y.

(a) For a set REXXY
,

call the set

Rx
o

: = (y + Y : (x0
, y) = R] = Y "

R3: =(x X : (x
, 30)tR3 = X % R3.

X

the vertical fiber of R at xo and the horizontal fiber of R at
yo , respectively.

6) For a function F : XXY - Z
,

call the functions

t
xo

: Y -> z and%
: X-> E

j + f(x0
, 3) x +- + (x

, ya

the vertical fiber off at xo and the horizontal fiber off at
yo , respectively.

Theorem (Fabini-Tonelli)
.

Let (X
,
E

, M) and (4
,
5

,
2) be Finite measure spaces.

ht f : X x Y + IR : = (0
,
0] be a Mxo-measurable function. Then :

(a) *
x

: Y-TR and F3 : X-> TR are + and M-measurable for
M-a . e . xEX and va

.
e. yeY

16) Tonelli
.

If -0
,

then :

() x*(fedo and you de are me
and remeasurable.

Y



(ii) [fxly)drlg(d() =daddy
() Fubini. If F is nxo-integrable then:

() x # (Edw and yo)f de are me
and u-measurable and integrable.

Y X

(ii) [fxly)drlg(d() ==My
Remark

.
All conditions in this thoem are necessary ; examples will be given in HW.

Remark
. Usually ,

one first applies Towelli to IA) to show ht - is integrable
,
and

only afterwards applies Fabini to f.

Example. For ats N and M (e . g .
N = M = NN) and counting measures M and r on MandN,

respectively ,
we already know the Fabini-Towelli from basic real analysis:

(a) Tonelli. If laumhcu
, mENXM

is a matrix of nonnegative reals
,

then

& Zam=m=
(n

,
m)cN + M meM neN

(6) Fabini
.
If laumlimleNxM is an absolutely summable matrix of real

,
i

.
e

.Ilamk h
is

& aum=um=
(n

,
m)cN + M meM neN



We will prove the Fabini-Tonelli theorem for IQ5-measurable functions
, replacing

the per and -measurability in the conclusion with E-and 5-measurability
.

Deducing the theorem for MxO-measurable functions is left as a HW exercise.

Prop .
Let (X

,
I) and (4

,
5) be measurable spaces.

(a) For any IJ-measurable set REXXY
,

2
. e .
REIQJ

,
we have that all Ebers

Rx and R" are 5 and I-measurable
, respectively.

6) For any EQJ-measurable function f : XXY -> E
,

where (E
,
h) is a measurable

space ,
all bbers by and to are 5 and -measurable

, respectively.
Proof

. (a) let 2.= >RE *@J : ExEX FSEY,
Ex and A are measurables . By definition,

I contains all rectangles UXV
,

where UEF and VEJ
.

Moreover
,

C is closed

under complement andctbl unious just because these operations commute with

taking Ebers : (R)x = Ri and [Rulx = VRu)x ,
same for horizontal fibers.

U

Mus
,
I is a valgebra containing EXT ,

heare C = IQ5.

1) Recall that f : XXY-2 is IQ5-measurable if f"(W) - F* Y for each WEIE.

But preimages commute will taking fibers
,

i
. e."(W) = (F"(W))

x
and 174)"(W=

(f "(W))"
,

so the claim follows from (a) since"(W) I*5.

Fubini-Tonelli for sets
. Let (X

,
I

, M) and 14
,

5
,

2) be 5-frite measure spaces .
Ut RETT

Then :



(b) x +30(Rx) and yes MIR3) are I and 5-measurable
, respectively.

(d) JU(Rx)dM(x) = Mxv(R) = (M(R")do() .

X Y

Proof
. Again let I : = /REIJ : (6) and (c) hold for R3. Note that 22 Ex5

,
i

.
e.

I contains each rectangle UXV
,

becase the functions xIt vluxV)x) =(v)i
= v(V) · 1u() and y M/(UxV() = MCU) · Ar(s) are just constant multiples of

indicator functions ofmeasurable sets
,

and here are measurable
.

Furthermore,

So((x)d(x) =So(v) · Ink)d(x)
= 0(r) · M(r) = Mxr(UxV) , similarly ,

for be

horizontal filer.

It is enough to prove assuming h and o are finite by the usual nogument of

wriding X = UXn and Y = LYm for some measurable finite measure sets Xa
,

Yo
,

nEIN mEIN

so XxY = HXaxYm and R = H(R1XnxYm)
n
,mEIN n

,
mEIN

Using the eniteness of he and up
,
it is not hard to verify hat is

closed under complements. T is also closed under finite disjoint unions by the

linearity of the integral :If R = UR: then Ap = ZAR ,
and the linearity ofhe

ich

integral applies . This implies thatI contains the algebra A generated by the

rectangles because finite unions of rectangles are finite disjoint unions of

(different rectangles. But his doesn't imply closer under finite nondisjoint



unious becase R = R
,VR2 then Ip = Ap

.

" #
R

=

- #RARL
It's ask ourselves if R=Rn

,
when is XH O(Rx) a limit of XHO (Ru(x) ?

Indeed the answer is when the union is mourtone. This shows thatC is closed

under

ctbl increasing unions : R= En
,

then by the increasing monotonicity ofmeasure
,

we

have let (x + v(ux) - (x + O(Rx)) and by MCT
,

we have

JU(Rx)dM(x) = him (o((Ru(x)dh(x)=limuxpR) =MxR,
ht

and same for the horizontal Fiber.

decreasing intersections: R = AR2
,

then we use the buiteness of the measures M.
0
,
and

W

1x0 to replace in the above argument increasing monotonicity will decreasing
monotonicity and MCT with DCT.

To summarize
,

we have down let & contains the algebra A and is closed

under increasing unions and decreasing intersections
. It then follows from the

Monotone Class Lemma But & contains <Axa = Ex5
,

10 C=15.

Def
.

A collection & of subsets of some set X is called a monotone class if it is

closed under increasing unious and decreasing intersections. The monotone class
general

ted by a collection AED(X) is the -least monotone class containing A,

namely ,
the intersection of all monotone classes containing A.



Monotone ClassLemma
.

Let C = P(X) be a monotone class generated by A : P(X).

If A is an algebra ,
then e =< A35.

Proof. Because any union C = Van can be represented as an increasing union
WEIN

C= ((n) of finite unions
,
it is enough to show h s a

algebra ,
i

. e .
is closed under complements andhnite unious.

Complements : Let 5 := YS 2 : S'E23
·

Then 32A because A in closed under

complements and J is a monotone class bene the complement of is
and rice versa

.
Thus

,
J2 I have 5 = 2.

Finite unious: We need tochow that FUEIFVEC
,

we have UUVEC
.

For end

Net
,
let

3 (n) := (vee : nuveel
.

Note What J(U) is a monotone class : if (e) 3(K)
,

Run UVU
Et and UUAK = H(RUV) El beare & is a monotone class.

nE(N NEI

Also
,

for all AEA
,
SCA) A bene A22 and A is closed under finite

unious .
Thus

,
&(A) = 2 for each AEA. But then

,
switching the roles of

U and V
,

we see let for each VEC
,

the collection &(v) contains A

bene for each AEA
,
VESCA)

,
i

.
e . AUVEC heave WAET

.

Thus,

3(V) = 2
.

Here fr all U
,
VEY

,
we have UUVEI.

We now deluce Fabini-Towelli for IQT-mecurable functions.



Theorem (Fabini-Tonelli for FQT) .
Let (X

,
E

, M) and (4
,
5

,
2) be Finite measure spaces.

ht f : X x Y + IR : = ( 0
,
0] be aY - measurable function. Then :

(a) *
x

: Y-TR and F3 : X-> TR are 5 and I-measurable for all xeX and yeY.

16) Tonelli
.

If -0
,

then :

() x(Edw and ye)fdu are E and J-measurable
Y X

(ii) [fxly)drlg(d() ==My
() Fubini. If F is nxo-integrable then:

() x(Edw and ye)fde are I and 5-measurable and integrable.
Y X

(ii) [fxly)drlg(d() ==My


